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Abstract 

Let £ be a compact Riemann surface and D\,...,D n a finite number 
of pairwise disjoint closed disks of E. We prove the existence of a proper 
harmonic map into the Euclidean plane from a hyperbolic domain Q containing 
E\ U™ =1 Dj and of its topological type. Here, Q can be chosen as close as 
necessary to E\U™ =1 Dj. In particular, we obtain proper harmonic maps from 
the unit disk into the Euclidean plane, which disproves a conjecture posed by 
R. Schoen and S.T. Yau. 



1 Introduction. 

It is classically known that there is no proper holomorphic map from the unit disk 
into the complex plane. To this respect, in the more general class of harmonic maps, 
E. Heinz proved, in 1952, there is no harmonic diffeomorphism from the unit disk 
onto the Euclidean plane M 2 [Hj. However, the problem of existence of a proper 
harmonic map from the unit disk into the Euclidean plane remained open. Thus, in 
1985, R. Schoen and S.T. Yau conjectured the non-existence of these maps [SYJ. 
We solve that problem and, in fact, prove 

Theorem 1. Let £ be a compact Riemann surface and Di,...,D n a family of 
pairwise disjoint closed disks of S. Consider n closed disks D[, . . . ,D' n such that 
Dj C intDj, j = 1, . . . , n, then there exists a proper harmonic map 

<p:Sl — > M 2 , 
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where Q is a domain of the topological type o/S\ (u™ =1 -Dj) satisfying 

E\ (U] =1 Dj) CHCE\ (U^-) . (1) 

This result provides the existence of proper harmonic maps from a hyperbolic 
Riemann surface of arbitrary finite topology into the Euclidean plane. In particular, 
when £ is the Riemann sphere and n — 1, Theorem Q] gives us the existence of proper 
harmonic maps from the unit disk, and hence settles negatively the conjecture above. 

At this point we observe that, in general, we cannot fix the conformal structure 
of the domain Q where the harmonic map is defined. However, due to the control 
of its topological type, this can be done when £ is the Riemann sphere. Thus, one 
obtains 

Corollary 1. Let Q C C be any n-connected domain. Then there exist proper 
harmonic maps from f2 into the Euclidean plane. 

The paper is organized as follows. In Section[2]we establish the notation that will 
be used throughout this work. In addition, we prove that there is no proper harmonic 
map from a Riemann surface of hyperbolic type into a complete flat surface non- 
isometric to the Euclidean plane. This fact also motivates our study and shows that 
the conjecture is true when the target space is a complete flat surface non-isometric 
to R 2 . 

We start Section [3] by proving Theorem CD, which gives the existence of proper 
harmonic maps from hyperbolic Riemann surfaces into the Euclidean plane. In its 
proof, we show a slightly more general result asserting that, under certain conditions, 
a harmonic map can be approximated by proper harmonic maps in any compact set 
of its domain. Moreover, as a consequence of the Theorem above we also prove 
Corollary [U 

Finally, in Section [4] we prove the following Lemma, which is the basic tool in 
order to prove the previous results. 

Lemma 1. Let £ be a compact Riemann surface and K C £ a compact set. Con- 
sider two closed disks D\, D 2 ofE — T\intK such that Di C intD 2 and K D D 2 
is empty. Let F : T,\intD 1 — > R 2 be a harmonic map and r, R two positive real 
numbers such that 

r<\F(p)\<R, for all p e D 2 \intD 1 . 

Given three positive real numbers £i,£ 2 ,£s, there exist a closed disk D and a har- 
monic map G : T\intD — > R 2 satisfying: 

1. D x C intD CDC intD 2 , 
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2. \F{p) -G{p)\< ex, for all p G T\inW 2) 



3. R-e 2 < \G{p)\ < R, for any p G 3D, 
4- r — £ 3 < for each p G D 2 \intD. 

This lemma provides, starting from a harmonic map F, a new harmonic map 
G defined in a slightly smaller domain. In addition, G can be chosen so that it 
is very close to F in a fixed compact domain T\intD 2 and the norm of G can be 
made as large as needed on the boundary of its domain and is well-controlled outside 
T\intD 2 . 

This is the key step in order to construct a suitable sequence of harmonic maps 
whose limit will prove Theorem [Tj In the proof of Lemma [Tj we shall employ some 
ideas used in the study of different topics such as minimal surfaces (see, for instance, 
[M] . |AFM| ) or holomorphic embeddings from Riemann surfaces into the complex 
2-plane C 2 (see [WJ). 

2 Preliminaries. 

Let us consider the Euclidean plane R 2 with linear coordinates (x, y) endowed with 
its usual induced metric dx 2 + dy 2 . 

Let £ be a Riemann surface and F : £ — > R 2 a map. Given an orthonormal 
basis S = {ei,e 2 }, we shall denote 

F(i,s) {F, ei) and F (2 ,s) := (F, e 2 ) ■ 

Thus, F is a harmonic map into IR 2 if and only if F^ t s) ■ S — > R are harmonic 
functions, j = 1,2. 

In our construction process we shall use that, given a harmonic map F : S — > 
R 2 , a harmonic function h : S — > R and an orthonormal basis 5 = {ei,e2}, then 
the new map G : S — > R 2 defined in local coordinates as 

G(i,s) = F^s) + h and G( 2 ,s) = F( 2 ,s), 

is also harmonic. This new harmonic map G can be considered as a deformation of 
F in the direction of e\. 

On the other hand, we shall introduce the following notation for subsets of a 
Riemann surface S: 

• Given K C S, we denote by the set T\int(K), where int stands for the 
interior of a set. 



3 



• Let D 1 , D 2 be two closed disks in E. We shall denote Di < D 2 if D 2 C int(Di), 
or equivalently, if £dj C mt(£D 2 ). 

We finish this Section by observing that if £ is a Riemann surface of hyperbolic 
type and M is a complete flat surface which is not isometric to the Euclidean plane, 
then there exists no proper harmonic map from £ into M, This fact shows a clear 
difference between R 2 and the rest of complete flat surfaces. 

Proposition 1. Let £ be a Riemann surface of hyperbolic type and M a complete 
flat surface non-isometric to the Euclidean plane. Then there is no proper harmonic 
map from £ into M. 

Proof. Since M is a complete flat surface non-isometric to the Euclidean plane then 
M must be a cylinder, a Moebius band, a torus or a Klein bottle. On the other 
hand, assume that <p is a proper harmonic map from £ into M. As £ is not compact 
and ip is proper then M cannot be compact. That is, M must be a cylinder or a 
Moebius band. 

Thus, if M is a complete flat cylinder then M is isometric to the Euclidean plane 
R 2 under the following identification: 

(xi,yi), (£2,2/2) are identified if x x = x 2 + kT, y\ — y 2 , 

for a fixed real number T > 0, and fceZ. 

Analogously, if M is a complete flat Moebius band then M is isometric to the 
Euclidean plane R 2 under the identification: 

(x 1 ,y 1 ), (x 2 ,y 2 ) are related if Xl = x 2 + kT, y 1 = (-l) k y 2 , 

for a fixed real number T > 0, and k E Z. 

In both cases, let us consider the function h : M — ► R given by the distance 
from a point to the compact geodesic R x {0} on M, that is, h(x,y) = \y\. Then 
£ = (/io(^) _1 (0) is compact and ho<p : £ — ► R is a proper function which is smooth 
and harmonic on £\£o- Thus, using [Gj Corollary 7.7], £ would be parabolic. 

Therefore, there is no proper harmonic map from a hyperbolic Riemann surface 
into M. □ 

3 Existence of proper harmonic maps 

This Section is devoted to the construction of proper harmonic maps from hyperbolic 
domains of a compact Riemann surface £ into the Euclidean plane and the study 
of their properties. 
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Thus, we start by proving our main result about the existence of proper harmonic 
maps from hyperbolic Riemann surfaces into R 2 . This proof fundamentally relies 
on Lemma [T] which will be showed in Section [H 

Proof of Theorem [fl Throughout this proof we show a more general result which 
will be used for our density result in Corollary El That is, we prove that given any 
harmonic map 

F : S\ (u] =1 int(D^)) — ► R 2 

and a real number Sq > 0, there exist an open domain Q and a proper harmonic 
map y? : fi — > R 2 such that 

\F(p) - ip{p)\ < 6 , for all p G S\ (u] =1 int(D 3 )) , (2) 

where f2 is of the topological type of S\ (u™ =1 -Dj) and satisfies ([I]). 

For that, we shall prove that fixed jo, there exist a domain Qj and a proper 
harmonic map <pj : Qj — > R 2 such that 



- F(p)-<p jo (p) 



< 5 := — , for all p G E\ (U^mt^)) , (3) 

7?; 



where 

E\ (mt( J D, () ) U (U^<n*(£>}))) C Q ]0 C S\ (u^ =1 mt(^)) 

and flj fl int(Dj Q ) is an open annulus. 

In such a case, the new harmonic map tp = tpi + . . . + <p n is well defined in the 
open domain Q = n" =1 Oj and proper. Therefore, <y9 proves the Theorem and also 
inequality ((2j). 

Up to a translation, we can assume the origin is not contained in the compact 
set F(Uj =1 Dj\ U" =1 int(D'j)). Thus, once jo is fixed, there exist two positive real 
numbers r , Ro such that 

r < - \F(p)\ < R , for all p G E D , n D jo . 

n J ® 

Let us consider a decreasing sequence of positive real numbers r/k such that 
Tl l k>i r lk < 1/2 and denote Rk = Ro + k. Let us also call D® = Dj Q , = Dj , 
F Q = {l/n)F and S' = T,\int(Uj^j D'j). Our first goal is to prove that there exist two 
sequences of closed disks D\, D\ and a sequence of harmonic maps F k : S D k — > R 2 
satisfying 

(pi) D\ < D k 2 +1 < D^ 1 < D\. 
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(p2) \F k+1 (p) - F k (p)\ < Srj k+li for all p G E^ fe . 

(p3) R k +i - 7]k+i < \F k+ i(p)\ < R k +i, for any p G E' Dfe+a n D k 2 +1 . 

(p4) Rk-Vk- Vk+l < \F k+ i(p)\, for each p G E^ +1 D 

Using Lemma [T] for the Riemann surface E, the compact domain U,-^, D' and 
the harmonic map F , we have the existence of a closed disk D{ such that 

• D° 2 < D\ < Dl 

• \Ftip) - F {p)\ < 5rj u for all p G E' D o. 

• (i? + 1) - Vi < \Fi(p)\ <Ro + h for any p G dD\. 

Thus, from the last inequality, one gets the existence of a closed disk D\ such that 
D\ < Dl < D\ and 

(R + 1) - 771 < |Fi(p)| < i2 + 1, for any p G E^i n F)\. 

Therefore, the properties (pl),(p2) and (p3) are satisfied. Observe that the property 
(p4) has no sense for this first step. 

Now, let us assume the sequences D*, D%, F k are well defined until k = m and 
satisfy properties (pl)-(p4). Then we define the following elements of the sequences 
for k = m + 1 as follows. Note that property (p4) will not be used in the construction 
of the remaining terms of the sequence. 

Using again Lemma [Hand bearing in mind that (p3) is satisfied for k = m, we 
obtain the existence of a closed disk D™ +1 such that 

• D™ < D™ +1 < Df. 

• \F m+1 (p) -F m (p)\ <5 T) m +i, for all p G E' D ™. 

• R m+1 - 7] m+1 < \F m+ i(p)\ < R m +i, for any p G dD™ +1 . 

• (R m - r] m ) - r] m+1 < |F m+ i(p)|, for each p G E^ m+1 n D%. 

So, since D™ < D™ +1 and from the inequality satisfied for the points in dD™ +1 , one 
obtains the existence of a closed disk D™ +1 such that L>™ < D™ +1 < D™ +1 and 

Rm+i ~ Vm+i < \F m+ i(p)\ < R m +i, for any p G E' D „+i n D™ +1 . 
Hence, the properties (pl)-(p4) are also satisfied for k — m + 1. 
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Let us now define the desired harmonic map ipj . For that, we first define Slj = 
l) k > E'\D%. Observe that E'\L>* C £'\Z^ +1 and int{Dl)\D k 2 +1 is an open annulus. 
So, an elementary topological argument gives us f^- fl int^D®) is an open annulus. 

In addition, let us see that for any compact set K C Qj Q we have that F k \ K is a 
Cauchy sequence of harmonic maps. In such a case, the limit map (fj is harmonic 
and well defined in flj . 

Thus, let us fix the compact set K C Qj Q . Then, there exists a non-negative 
entire number k such that K CT, 1 k() . Hence, using (p2), for k\ > k 2 > k 

D 2 

fcl 

\F kl (p) - F k2 (p)\ < 5 Vi, for aliped, (4) 

i=fc 2 +i 

and, so, F k \ K is a Cauchy sequence since Ylj>i Vj < 1/2 < oo. 

Taking limits in ([4]), we also obtain that ® is satisfied, since if p G £' D o then 

\F (p) - (p jo (p)\ <S^2rj k <5. 

Finally, we prove that <pj is proper. Let m be a positive entire and consider a 
point p G S' n m+i H D™, then from ([4]) and (p4) one has 

- F m +i(p)\ <S Vk<5, 

fc>m+2 

\F m+ l{p)\ > Rm-Vm- Vm+1 > Rm - 1 = Rq + 171 — 1. 

And so \(Pj (p) \ > m + (i? — 6 — 1). 

In particular, if q G Qj o nD™ then there exists m' >m such that q G £' m / +:L n-D™ . 

Thereby, 

|^ io (g) | > m + (i?o - 8 - 1), for all q G fi io fl D™. 

Hence, for any real number N > there exists a positive entire m such that the 
set {q G Qj : |^- (g)| < N} is contained in the compact set E^m. Therefore, <fj is 
proper as we wanted to show. □ 

When we consider £ as the Riemann sphere in Theorem Q], and remove only 
one closed disk, we get proper harmonic maps from a hyperbolic simply connected 
domain f2 into R 2 . Thus, f2 must be conformal to the unit disk, obtaining proper 
harmonic maps from the unit disk into the Euclidean plane. 

Remark 1. In general, the proper harmonic maps given by Theorem U\ could be 
non-surjective. However, though we shall not worry about this problem, following 
the Proof of Lemma [2, it is always possible to find a proper harmonic map <p given 
by Theorem[l\ which is onto. 
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It is important to note that in Theorem CD we control the topological type of the 
domain Q where the harmonic map is defined. However, we cannot fix the conformal 
type in general. But, this can be done when we start with a domain in the Riemann 
sphere. 

So, as an immediate consequence of the previous Theorem, we prove that if f2 
is an n-connected domain in C, then there exist proper harmonic maps from f2 into 
R 2 . 

Proof of Corollary Ui Let be an n-connected domain in C. 

If C\Q is a finite number of points, the result is obvious. Otherwise, Q is confor- 
mal to a bounded domain whose boundary is made by a finite number of pairwise 
disjoint circles C\, . . . , and a finite number of points Pk+i, ■ ■ ■ ,p n - 

Let Dj be the closed disk in the Riemann sphere C := C U {00} , such that Dj 
does not intersect Q and whose boundary is Cj. Since, C\Dj is conformal to the 
unit disk, using Theorem [U there exists a proper harmonic map (pj : C\Dj — ► R 2 . 

In addition, for the points pj we take <pj as a holomorphic function from C\{pj} 
with a pole at pj. 

Thus, it is easy to see that the new harmonic map cp = YTj=i '■ ^ — * ^ 2 1S 
proper. □ 

On the other hand, observe from (El) that every harmonic map defined on a Rie- 
mann surface minus n open disks into R 2 can be approximated by proper harmonic 
maps in every compact set contained in the interior of the domain. That is, we have 
really showed the following density result. 

Corollary 2. Let E be a Riemann surface and Di, . . . , D n a family of pairwise dis- 
joint closed topological disks o/E. Consider a harmonic map F : E\U™ =1 mt(Dj) — > 
M. 2 . Then for any compact set KCE\ U™ =1 Dj and So > 0, there exist a hyperbolic 
domain ACS containing K and a proper harmonic map tp : Vt — ► M 2 such that 

\<p(p) - F(p)\ < 6 , forallpEK. 

Notice Schoen and Yau related their conjecture with the problem of non-existence 
of a hyperbolic minimal surface in IR 3 which properly projects into a plane |SY| . 
However, since there exist proper harmonic maps from hyperbolic Riemann surfaces, 
the problem of finding such a hyperbolic minimal surface remains open. 

Moreover, Schoen and Yau proved that there is no harmonic diffeomorphism 
from the unit disk onto a complete surface with non-negative Gauss curvature |SY| . 
extending the result of Heinz for the Euclidean plane (Hj. To this respect, it would be 
interesting to study the existence of proper harmonic maps from hyperbolic Riemann 
surfaces into a complete surface with non-negative Gauss curvature. 
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Finally, it should be also mentioned that other Picard type problems for har- 
monic diffeomorphisms from the complex plane on Hadamard surfaces have been 
recently studied |CR| . |GR| . though the used techniques in that context are com- 
pletely different. 



4 Proof of Lemma QJ 

We fix a real number e > which satisfies some inequalities in terms of the initial 
data r,R,£i,e 3 and whose dependence will be made clear along this proof. 

We take a closed disk D 3 on £ such that D 2 < D 3 < D x and a set of points 
{pi, . . . ,p n } in the open set int(J2 D3 )\E D2 satisfying: 

(al) There exists a closed disk _D 4 such that {p±, . . . ,p n } C <9_D 4 with D 2 < D 4 < 
D 3 . Moreover, we can assume these points are ordered along the circle dD 4 . 

(a2) There exist open disks Bj C int(T,D 3 )\^D 2 such that Pj,Pj+i E Bj and 

\F{p) — F(q)\ < Eq, for each p, q E Bj. 
Here and from now on, we shall suppose p n +\ = Pi- 
(a3) The well oriented orthonormal basis Sj = { j^^j > i \^, 3 ]\ } satisfy 
F(pj) F( Pj+1 



\F( Pj )\ \F(p 



'j+D 



< 3(^7)' ^' = 1 '- 



Observe that these points can be chosen by continuity of F in the compact set 

Now, let us take a Riemannian metric (,) on S which is compatible with the 
conformal structure and consider a real number 5 > such that: 

• D 5 = D 4 U (u™ =1 -D(pj, 5)) is a topological closed disk. Here, D(p,5) denotes 
the closed geodesic disk center at p and radius S for the metric (, ). 

• D(j)j, 5) U D(pj + i, 5) C Bj, for all j = 1, . . . , n. 

• D(pj, S) fl D(pk, 5) is empty for any j 7^ k. 

• F(i )Sj )(p) > r for each p E D(pj, 5). 
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Let Q : T.oAiPj} — ► C be a holomorphic function with a simple pole at Pj. 
Its existence is clear if E is a topological sphere and assured by the Noether gap 
Theorem when the genus of E is positive. 

Up to multiplication of Q by a complex number, if necessary, there exist a point 
qj G dD(j)j, 5) fl mi(Eo 4 ) and a simple curve f3j : [0, 1] — > D(Pj, S) such that 

• Pj(0) = Qj and [3 j (l)=p j . 

• Cj(Pj{t)) is a positive real number for all t G [0, 1[. 

• lim t ^! J = oo. 

Let us denote by ifj to the compact set E Dl \mt(.D(pj, <5)) and by £j to the real 
part of Q. Then, we can chose k > small enough in order to satisfy 

k max{|Cj(p)| : p G < minj — , 3 (R-r)\ , j = l,...,n. (5) 

And we call a,j = (3j(tj) where 

tj = min{t G]0, 1[: k QW)) = * = 3(i2 - r)}. 

Now, we construct a family of harmonic maps hj : C/j — ► M 2 , where C/j = 
E Dl \{p!, . . . These harmonic maps are defined as follows 

• ho = F. 

• In the basis Sj we have 

Lemma 2. These new harmonic maps satisfy the following properties 
(bl) \hj(p) - hj- x {p)\ < e /n, for any p G U j \int(D(p j ,5)). 
(b2) \hj(a.j) - Vi(%-i)l < 4 ^o- 
(b3) |/i n (%) - M a j+i)l < 6£ - 
(b4) |/i n (%)l >2R-r. 
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Proof. In order to obtain the inequality (bl), we have from (jSJ) 

\hj(p) - hj-!(p)\ = \kQ(p)\ < e /n. 

Let us write Sj = {e{,el}, that is, e{ = F(pj)/\F(pj)\ and e\ = i F(pj)/\F(pj)\, 
then one has for j > 2 

+|F(a i _ 1 ) - V2(%-i)l + 3(i2 - r)|ei - ej" 1 1 . 

In addition, from (bl), |/tj_i(aj) — and \hj_ 2 ( a j-i) —F( a j-i)\ are l ess than 

£o- On the other hand, using (a2), \F(a,j) — F(aj_i)| < £0 since o,j-i,aj G -Bj-i- 
Hence, from (a3), the inequality (b2) is proved. 

In order to obtain (b3) we observe 

|/i n (%) - hn(aj+i)| < \h n (aj) - hj(aj)\ + \hj(a,j) - h j+1 (a j+1 )\ 

+ \h j+1 (a j+1 ) - h n (a j+1 )\ < e + Ae + e = Qe , 

where we have used (bl) and (b2). 
Moreover, from (bl), 

\h n (aj)\ > \hj{aj)\-e Q 

= J (hj- 1{hSj) (aj) + «Ci(aj)) + Vi(2,s j )( a i) 2 _ £ o 

^ IVi(i, Sj )( a i) + 3(-R-r)| -e„, 

since K,Q(aj) = 3(R — r). 

We also have from (a2) and (bl) 

lVi(i,s 3 -)( a i) - F (i,Si){pj)\ < lV-i( a i) - F( Pj )\ 

< \hj- l (a j )-F(aj)\ + \F(aj)-F(p j )\ < 2e . 

As F(i,Sj)(Pj) = \F(Pj)\ > r by hypothesis, then fyj-i^ s-)( a j) > r — % e o an d so 

|M a j)l >3R-2r- 3s >2R-r. 

Here, we use that eo can be initially chosen with R — r — 3eo > 0. □ 

Let Cj be a simple regular curve contained in int(D(pj,8)) which is transversal 
to Pj([0, 1]) at cij. Consider a small closed connected neighborhood Cj of the curve 
Cj at the point cij, such that each connected component of Cj-\{%} lies in one side 
of Pj([0, 1]). Moreover, Cj is chosen small enough in order to satisfy 
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(b5) \hj(p) — hj(dj)\ < e for all p G Cj. 

Consider a topological closed strip Gj contained in D(pj, S) such that Pj(]0, tj[) C 
int(Gj), and bounded by Cj, dD(pj,5) and two closed simple curves lying at each 
side of /3j([0, tj}) and joining a point of dD(pj, 5) with a point of Cj (see Figure 1). 

In addition, we take Gj small enough such that 

(b6) \hj(p) — hj-xip) — k(j(p)e{\ < e Q for all p G Gj. 
(b7) < k (j{p) < 3{R -r)+e for each p G Gj. 

Note that Gj can be chosen in order to satisfy these two properties. For (b6), it is 
sufficient to observe that hj(p) = hj-i(p) + kQ(p)e[ for any point p on /3j([0, 1[). 
And (b7) is a consequence of the definition of a,j and Q. 
Now, we consider the compact set 

K = (E D4 \ U] =1 int(D( Pj , 5))) U (u] =1 G,) 

and Dq the closed disk Y\intK. That is, K — S Dg . 
For this new set we observe that 

. Pj([0,tj})QZ D6 , 

• D 2 < D 6 , 

• the harmonic maps hj are well defined in S^ 6 , 

• S De n int(D(pj, 6)) C Gj C S De n .Dfe, 5). 

Finally, we take a closed disk D-j such that Dq < D 7 and the harmonic maps hj 
are well defined in Ed 7 . 

Until now, we have deformed the initial harmonic map F obtaining a new har- 
monic map h n . These harmonic maps are close in the compact domain S^i 2 (prop- 
erty (bl)). And the norm of h n is bigger than 2R — r > R for the family of points 
a±, . . . , a n (property (b4)). Thus, we have obtained a harmonic map which satisfies 
part of the conditions of Lemma [U but only near the points dj. 

Our goal is to deform h n in order to obtain the harmonic map which proves the 
Lemma. For that, we shall construct, from h n , a sequence of n harmonic maps. 
Each harmonic map will be close to the previous one in a large compact domain 
and only modified along a neighborhood of a curve joining Oj_i and a,-. The last 
harmonic map of this sequence will be the one which solves Lemma [U 

Let us denote by Qj the connected component of dD 6 \(Cj U Cj+i) which does 
not intersect Ck for all k ^ j,j + 1. These closed curves satisfy (see Figure 1) 
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Figure 1. 



• Qj n Qk is empty for each j ^ k, 

• Qj ^ Bj, 

• Qj fl D(p k , 5) is empty for each k ^ j,j + 1, 

. SD fl = (u^ 1 g i )u(u7 =1 C7 i ). 

Consider an open neighborhood Cj of such that 

IMp) - ^n(%)| < 3e , for all p 6 Cj n I 

This can be done by continuity, because for any p G Cj 

\h n (p) - h n (aj)\ < \K(p) - hj(p)\ + \hj(p) - hj(a,j)\ + \hj(aj) - h n (aj)\ < 3e , 

where we have used (bl) and (b5). 

We also consider the neighborhoods of Qj 

Q 3 {L) = {pe E Dl : dist(p,Qj) < L}, 

and fix L > small enough in order to satisfy similar properties to Qj, that is, 

• Qj{L ) n Q k (L ) is empty for any j ^ k, 

• Qj{L ) C BjCMnt^Dr), 
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• Qj(L ) R D(p k , 5) is empty for each k ^ j,j + 1. 

We are now ready to define a sequence of harmonic maps gj : T,\D 7 — > M 2 , 
j = 0, ... ,n. For that, we choose some basis which will indicate the direction of the 
deformation. So, let Sj = {ej,e|}, with 

_2 _ h n {a,j) _j ^ . _ 2 

Let go — h n and let us define gj from as follows. Let 

Tj = 2R - r - min [ft-i^C?) : P e Qj} ■ 

By Royden's Theorem (El Theorem 10], there exists a holomorphic function £j : 
Sd 7 — >■ C such that 

• \ij{v)\ < eo/n, for any p G En 6 \int(Qj(L )), 

• l£j(p) ~ T i\ < £ o/^, for all p G Qj{L /2). 

If we take the harmonic function ^ : S^) 7 — > K given by the real part of £j, then 

• |fj(p)| < e /n, for any p G En 6 \int(Qj(L )), 

• l£j(p) ~ r il < £ o/^, for all p G Qj(L /2). 
Thus, we define 

The harmonic maps ^ satisfy the following properties 
(d) \9j(p) ~ 9j-i(p)\ < e /n, for any p G En 6 \int(Qj(L )). 

( c2 ) |flj(p) - ft7-i(p) _ r i^il = I&(p) - t j\ < e o/ n i for a11 P e Qj(L /2). 

Finally, we define the harmonic map G : £d 6 — > R 2 as G = g n . Therefore, 
Lemma [U will be a consequence of the next result by shrinking the domain £d 6 . 

Lemma 3. The harmonic map G satisfies 

1. \F{p) - G{p)\ < e 1} for allpe Y, D2 , 

2. \G{p)\ > R, for any p G dD 6 , 
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3. \G(p)\ > r — e 3 , for each p G Sd 6 H D 2 . 
Proof. The first inequality is a consequence of (bl) and (cl), since if p G £d 2 
|F(p) - G(p)\ < \g n {p) - <7o(p)| + |/in(p) - /*>(p)| < 2e , 

where we can choose initially e < ex/2. 

In order to prove the second inequality, we distinguish four cases: 

(i) Let pedjfl Qj{L ). Using (cl), fl£j) and (b4), one gets 

\G(p)\ = \g„{p)\ > \gj(p)\-e > I^-^Cp)! ~ e o = ISi-ip^jCp)! ~ £ o 

> 1^0(2,5,-)^) I _2£ = I ^(2,3,) (p) I - 2£ > 1^(2,5^(^)1 ~ 5£ 

= |/i n (aj)| — 5e > 2R — r — 5e >R. 
Where eo initially satisfies R — r — 5eo > 0. 

(ii) Let p G Cj fl Qj-i(L ). Reasoning as in the previous case and using (b3) 

\G(p)\ > |^n( 2 ,5,_ 1 )( a j)l -5£ > 1^(2,5^0 Oi-i) I - Ueo = M^-i) I - He 
> 2^-r-lleo > 

with R — r — lleo > a priori. 

(iii) Let p G Cj\ (U^ =1 Q k(L )) . From (cl) and ((6l), one obtains 

|G(p)| > \go(p)\-e = \h n (p)\-e > \h n ( aj )\ - Ae > 2R-r-4e > R. 

(iv) Let p G Qj\ (yl =1 C k y Then, from (cl) and (c2) 

\G(p)\ > \gj(p)\-e > |^ (1) ^)(p)| -eo > Idj-i^) (p) + r i I - 2 ^o 
^ ^-1(1,5,) (p) + t j _ 2e o > 2i? - r - 2e > R. 

Finally, we prove the third inequality, that is, |G(p)| > r — e 3 . For that, we need 
to distinguish five different cases, depending on the region of T>d 6 where p is located. 

(i) Let p (u] =1 D( Pj ,6)) U (U? =1 Q,(L )). Using (cl) and (bl) 

\G(p)\ > \h n (p)\-e > \F{p)\-2e > r - 2s > r - e 3 , 
where initially eo < e^/2. 
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(ii) Let p e D(pj,«J)\(U2 =1 Q fc (L )). In this case we shall use (cl), (bl), (b6), (a2), 
(b7) and Eq is chosen less than e 3 /5 

\G(p)\ > \h n (p)\-e > \h j (p)\-2e > \hj-i(p) + k Q(p)e{\ ~ 3£ o 

^ I Vi(i,s,)(p) + K (p) I - 3e > \F(i,s,)(p) + «Cj(p)I - 4 ^o 

> |i ? (i,s i )(Pi) + «C;(p)|-5eo = ||F( Pj )| + - 5s 

> r — 5^0 > ^ — £3- 

(iii) Let p G int(D(pj, 5)) fl Qj(L ). First, we observe 

|Mai)-(^(Pi) + 3(i2-r)ei)| < - hj(aj)\ + \F(aj) - F( Pj )\ 

+ \hj(aj) - F(aj) - 3(R - r)e[\ < 3e , 

where we have used that hj(a,j) = hj-i(aj) + 3(R — r)e{, and the formulas (a2) and 
(bl). 

In addition, we have \h n (dj)\ > 2R — r > R from (b4), and \F(pj) \ + 3(R — r) > 
3R-2r> R. 

Hence, as F(pj) + 3(R — r)e{ = (\F(pj)\ + 3(R — r))e{, one has 



\—3 J \ 

\e J 2 - e\\ 



h n (a>j) 



< 



\K(aj) 

6_£o 

R ' 



e l 



1 



< 6£ ° min {|M%)l'l^)l+3(i?-r) 



(7) 



Now, for the point p, we get 
\G(p)\ > \gj(p)\-e > |^ (2) s.)(p)| -£o > l^n ( 2,s,)(p)l ~ 2£ o 



(p)\ -3e = \{hj(p),e&) \ -3e 



\(h J (p),e{) + (h,(p),ei-e{)\-3E 



^ \ h Hi,s s )(p)\ ~ \{ h j(p)^ 3 2- e \)\ - 3£ o > l^(i )Sj .)(p)l - ^HMp)I -3eo, 



where we have used (cl) and (bl) again. 
So, we estimate \hj^ s ^{p)\ and \hj(p)\, 



> \F { i,s j ){p j ) + K( j (p)\-2e 

> \F(p j )\-2e > r-2e . 



1^(1,^)^)1 + «Ci(p)l - 2e 



Here, we used (bl), (a2) and (b7). 
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Moreover, 

\hj{p)\ < \hj-i(p)\ + ^\Q(P)\ + £ o < \F(p)\+3{R-r)+2e < 4i?-3r + 2e , 

from (b6), (bl) and (b7). 
Therefore, 

\G(p)\ > (r-2E )--^(4R-3r + 26 )- 3e > r - e 3 . 

n 

Again, we have initially taken Sq small enough in terms of R,r and £3. 

(iv) Let p G int(D(pj + i,5)) fl Qj(L ). This case is analogous to the previous one, 
bearing in mind 

\-B3 J+l\ <- \s0 J\j_\J - ° £ ° ■ £ ° 



< |4 - e ll + l e l - e i I < ~ET + 



R 3(R-r)' 
The last inequality is a consequence of Q and (a3). 

(v) Let p e Qj(L )\ (Ul =1 int(D(p k ,S))). From (cl), (bl), ^ and (a2), one obtains 
\G(p)\ > \9j(p)\-e > Igj^s^l-to = \9j-i {2 &) (?) I ~ £ o 

6£ 

> 1^(2,^)0)1 — 2£ o > |^( 2 ,5 3 -)(P)I - 3£ o > |^(i,5 f )(p)| -3e - 

> |-P(i,Si)(Pi)| -4e - > r-4£ - — > r - e 3 . 

This finishes Lemma [3] and also proves Lemma CD □ 
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